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ON TOTALLY UMBILICAL SURFACES IN THE WARPED PRODUCT M(κ) f × I
ADY CAMBRAIA JR., ABIGAIL FOLHA, AND CARLOS PEÑAFIEL
Abstract. In this article we classify the totally umbilical surfaces which are immersed into a wide class of Rie-
mannian manifolds having a structure of warped product, more precisely, we show that a totally umbilical surface
immersed into the warped product M(κ) f × I (here, M(κ) denotes the 2-dimensional space form, having constant
curvature κ, I an interval and f the warping function) is invariant by an one-parameter group of isometries of the
ambient space. We also find the first integral of the ordinary differential equation that the profile curve satisfies (we
mean, the curve which generates a invariant totally umbilical surface). Moreover, we construct explicit examples
of totally umbilical surfaces, invariant by one-parameter group of isometries of the ambient space, by considering
certain non-trivial warping function.
1. Introduction
The classification of totally umbilical surface inside the 3-dimensional space forms is well known. In
R3 such surfaces are planes and round spheres. In S3 they are round spheres. In H3 they are totally
geodesic planes and their equidistants, horospheres and round spheres. All such surfaces have constant main
curvatures. Recall the following definition.
Definition 1.1. Let us suppose that Σ # M is a smooth surface, which is isometrically immersed into
the manifold M. We say that Σ is totally umbilical, when there exists a function λ ∈ C∞(Σ) such that
SX = −∇X N = λX for any X ∈ χ(Σ), where N is a smooth unit normal vector field to the immersion, ∇ the
Riemannian connection of M and S its associated Weingarten operator.
It is well known that the space forms can be seen as warped product spaces. More precisely, if we consider
the connected, simply connected, complete, 2-dimensional space form M(κ) having constant curvature κ
and a smooth real function (the warping function) f : I ⊂ R → R, here I denotes an open interval, the
warped product space M(κ) f × I is the product manifold M(κ) × I endowed with metric g = e2 f g2 + g1,
where g2 denotes the metric of M(κ) and g1 denotes the metric of I. Under this framework for κ = 0 and
I = R, the warping function f ≡ 0 give rise to the euclidean space R3, whereas a model for the hyperbolic
3-dimensional space H3 is given if we consider the warping function f (t) = t. Notice that even for "close"
warping functions, the geometry of the totally umbilical surfaces are dramatically different, as a matter of
fact the geometry of such surfaces depends deeply on the warping function.
The characterization of totally umbilical surfaces immersed into warped product manifolds has attracted
much attention recently. In [1], Simon Brendle shows that surfaces having constant mean curvature, im-
mersed into certain warped product spaces are actually, totally umbilical surfaces (this result can be apply
to the deSitter-Schwarzschild and Reissner-Nordstrom manifolds). More recently, Shanze Gao and Hui Ma
characterized immersed totally umbilical surfaces into certain warped product spaces with some additional
condition on the mean curvature, [2]. For the simply-connected homogeneous 3-dimensional manifolds ha-
ving 4-dimensional isometry group, usually labelled by E(κ, τ) for real numbers κ and τ satisfying κ 6= 4τ2,
such classification was made in two steps. First, for the Heisenberg group E(κ = 0, τ), [5], and then for the
remains of the E(κ, τ) as well as for the Sol geometry which has a 3-dimensional isometry group, [6].
Following with the study of the geometric properties of the totally umbilical surfaces immersed into 3-
dimensional manifolds, it is a natural question for looking for totally umbilical surfaces inside the warped
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products M(κ) f × I. In this article, we give the classification of such totally umbilical surfaces which are
immersed into M(κ) f × I. More precisely, we find a first integral for the ordinary differential equation
determined by the profile curve which generates a totally umbilical surface, invariant by one-parameter
group of isometries of the ambient space. After that, we show that any totally umbilical surface is one of such
invariant surface (there is no assumption on the mean curvature of the surfaces or in the curvature). We also
construct explicit examples of totally umbilical surfaces immersed into certain, non-trivial warped product.
The article is organized as follow: In section 2 we give some geometric properties of the spaceM(κ) f × I, in
particular we study the geometry of the vertical cylinders. In section 3, we give the description of the surfaces
invariant by isometries of the ambient space. In section 4 we construct explicit examples of totally umbilical
surfaces, invariant by isometries of the ambient space. Finally, in section 5 we stablish the classification
theorem.
2. Preliminares
2.1. The ambient space. LetM(κ) be the connected simply connected complete two-dimensional space form
having constant curvature κ, κ ∈ {−1, 0, 1}. So, given a κ, we have
(a) M(−1) =H2, where H2 denotes the hyperbolic space.
(b) M(0) = R2, where R2 denotes the euclidean space.
(c) M(1) = S2, where S2 denotes the euclidean unit sphere.
The space M(κ) is endowed with the metric g2 = λ2(dx2 + dy2), where
λ =

2
1+ κ(x2 + y2)
, if κ 6= 0
1, if κ = 0
.
Let us consider the 3-dimensional Riemannian product M(κ)× I, here I denotes an open interval, and the
canonical projections in the first and second factor
pi1 : M(κ)× I →M(κ) and pi2 : M(κ)× I → I
defined by pi1(p, t) = p and pi2(p, t) = t, respectively.
Let f : I → R be a smooth real function. We consider the warped product M(κ) f × I = (M(κ) × I, g)
endowed with the metric
g = e2 f g2 + g1,
where g1 := dt2. Thus, for v ∈ T(p,t)M(κ) f × I, a tangent vector to M(κ) f × I at (p, t), we have
g(v, v) = e2 f (t)g2(dpi1(v), dpi1(v)) + g1(dpi2(v), dpi2(v)).
In order to give a relation between vector fields on M, I and in M(κ) f × I, we need the following definition.
Definition 2.1. Let φ : N1 → N2 be a smooth mapping. Vector fields X ∈ χ(N1) and Y ∈ χ(N2) are φ-related
if
dφ(X(p)) = Y(φ(p)), for all p ∈ N2.
Also we recall the definitions of lifts.
• The lift of a vector field X ∈ χ(M(κ)) is the unique vector field X ∈ χ(M(κ) f × I) that is pi1-related
to X and pi2-related to zero vector field on χ(R), where pi1 and pi2 are the canonical projections. We
denote by L(M(κ)) ⊂ χ(M(κ) f × I) the set of all such lifts.
• Similarly, L(I) ⊂ χ(M(κ) f × I) denotes the set of all lifts of vector fields V ∈ χ(I) to M(κ) f × I, that
is, the vector fields V ∈ χ(M(κ) f × I) which are pi2-related to vector field V ∈ χ(I) and pi1-related to
zero vector field on χ(M(κ)).
• Let ξ = lift(∂t), where ∂t denotes the unit tangent vector field to the real line R which points to the
positive direction.
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Remark 2.2. When there is no confusion, by abuse of notation, we will use the same notation for a vector field
and for its lifting. When it is necessary to emphasize, we will use the over-bar to denote the a of a vector
field.
We denote by ∇1, ∇2, ∇ the Levi-Civita connection of R, M(κ) and M(κ) f × I, respectively. The tensor
curvature of M(κ) f × I and M(κ) are denoted by R and R2, respectively. Given vector fields A, B, C ∈
χ(M(κ) f × I), we define the Riemannian curvature tensor by
R(A, B)C = ∇B∇AC−∇A∇BC +∇[A,B]C.
The following lemma gives some properties of the vector fields and their lifts, with respect to the curvature
tensor and connections, see [3].
Lemma 2.3. Let f : I → R be a smooth real function,M(κ) the two-dimensional space form having constant Gaussian
curvature κ and consider the warped product M(κ) f × I whose vector field tangent to the leaves I is denoted by ξ. If
X, Y, Z ∈ L(M(κ)) and V, W, U ∈ L(I), then
(1) ∇VW ∈ L(I) is the lift of ∇1VW on I, that is, ∇VW = ∇1VW. And ∇XV = ∇V X = V( f )X.
(2) ∇XY = ∇2XY− g(X, Y) f ′(t)ξ.
(3) [X, V] = 0, [X, Y] = [X, Y]2 and [V, W] = [V, W]1, where [·, ·] denotes the Lie bracket.
(4) R(V, W)U = R1(V, W)U = 0.
(5) R(X, Y)Z = κ[g2(X, Z)Y− g2(Y, Z)X] + ( f ′)2[g(Y, Z)X− g(X, Z)Y].
(6) R(V, X)W = −g(V, W)( f ′′ + ( f ′)2)X
(7) R(V, W)X = 0 and R(X, Y)V = 0
(8) R(V, X)Y = g(X, Y)[−V( f ) f ′ +V( f ′)]ξ
2.2. Isometric immersions. Let ϕ : Σ # M(κ) f × I be an immersion from a complete, orientable surface
into the warped product M(κ) f × I. For simplicity, we treat properties of the immersion ϕ as those of Σ and
denote merely by Σ the image ϕ(Σ). We denote by g the pulled back metric g on Σ and by ∇ the Levi-Civita
connection associated to g.
Let N be a unit normal vector field on Σ (from now on, we fix the orientation N of Σ), denote by S the
shape operator and by B the second fundamental form of Σ. Then, we have g(B(X, Y), N) = g(X, SY) for all
X, Y ∈ χ(Σ). The formulas of Gauss and Weingarten state, respectively, that for all X, Y ∈ χ(Σ)
(2.1) ∇XY = ∇XY + B(X, Y) and ∇X N = −SX.
The Riemann curvature tensor R of the surface Σ is related to the second fundamental form and the
curvature tensor R of the ambient space by means of the Gauss equation
(2.2) R(X, Y)Z = (R(X, Y)Z)T − g(SX, Z)SY + g(SY, Z)SX,
for all X, Y, Z ∈ χ(Σ), here XT describes the tangent component of X over the surface Σ. The Codazzi
equation is given by
(2.3) R(X, Y)N = ∇XSY−∇YSX− S[X, Y],
where X, Y, Z ∈ χ(Σ) and N is the unit normal vector field compatible with the orientation of Σ.
In order to give an expression for the Gauss and Codazzi equations for immersed surfaces in the warped
product M(κ) f × I we introduce some notations. Let ϕ : Σ #M(κ) f × I be an immersion from a complete,
oriented surface into the warped product M(κ) f × I. Let N be the unit normal vector field to Σ compatible
with its orientation. We can decompose the vertical field ξ in the tangent and normal components with
respect to the surface Σ. That is, we can write
(2.4) ξ = T + νN
where T is the tangent projection of ξ over Σ and νN is the orthogonal projection of ξ over the unit normal
vector field N. The function ν is called angle function.
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With the aid of the vector field T ∈ χ(Σ) we define a tensor T of order four over Σ
T : χ(Σ)4 → R
given by
T YX (Z, W) = g(X, Z)g(Y, T)g(W, T)− g(X, W)g(Y, T)g(Z, T)
for vector fields X, Y, Z, W ∈ χ(Σ).
With those definitions and notations we can state the following proposition.
Proposition 2.4. Let Σ be a simply connected Riemannian surface with metric g, Riemannian connection ∇ and
Riemann curvature tensor R. Then, for all X, Y, Z, W ∈ χ(Σ), we have
(Gauss equation) R(X, Y, Z, W) = g(R(X, Y)Z, W)− g(SX, Z)g(SY, W) + g(SX, W)g(SY, Z).
(Codazzi equation) S(X, Y) = ∇XSY−∇YSX− S([X, Y]).
And also, the following equations are satisfied by the immersion
|T|2 + ν2 = 1(2.5)
∇X T − νSX = f ′[X− g(X, T)T](2.6)
g(SX, T) + dν(X) = − f ′ ν g(X, T)(2.7)
where
R(X, Y, Z, W) =
(
( f ′)2 − κe−2 f
)
[g(X, W)g(Y, Z)− g(X, Z)g(Y, W)]−
−
(
f ′′ + κe−2 f
)
[T YX (Z, W)− T XY (Z, W)]
and
S(X, Y) = −ν
(
f ′′ + κe−2 f
)
[g(X, T)Y− g(Y, T)X].
A proof for this proposition can be found in [4], where the authors proved that this equations are in fact
the compatibility equations for isometric immersions in M(κ) f × I.
2.3. Cylinders in M(κ) f × I. In this section we state some geometric properties of vertical cylinders im-
mersed in M(κ) f × I. We start recalling the geometric behavior of curves in a space endowed with conformal
metrics.
Definition 2.5. Two Riemannian metrics σ and σ on a surface Σ are said to be conformal if there exists a
smooth real function ϕ ∈ C∞(Σ) such that
g = eϕg.
If we denote by ∇σ and ∇σ the Levi-Civita connection with respect to σ and σ, then for any vector fields
X, Y, Z ∈ χ(Σ), we have
∇σXY = ∇σXY + X(ϕ)Y +Y(ϕ)X− σ(X, Y)gradσ(ϕ).
Lemma 2.6. Let Σ be a surface which can be endowed with two conformal metrics σ and σ = e2ϕσ. Consider a curve
γ : I ⊂ R → Σ. We denote by κσ and κσ the geodesic curvature of γ with respect to the metric σ and σ, respectively.
Then
κσ = e−ϕ
(
κσ − ∂ϕ
∂η
)
,
where
∂ϕ
∂η
denotes the directional derivative with respect to the inner unit normal vector η of γ (with respect of the
metric σ).
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Proof. The geodesic curvature κσ is calculated by κσ = σ(∇σv v, n), where v is the unit tangent vector field to γ
and n the inner unit normal vector field to γ with respect to σ (the unit vector field pointing to the bounded
region if the curve is a Jordan curve).
For the metric σ we choose the arclength-parameter s to γ, that is σ(γs(s),γs(s)) = 1, here γs denote the de-
rivative of γ with respect to s. Note that this is equivalent to σ(eϕγs(s), eϕγs(s)) = 1. Now, consider the inner
unit normal vector η of γ with respect to the metric σ, that is σ(η, η) = 1, or equivalently σ(e−ϕη, e−ϕη) = 1.
Then
κσ = σ
(
∇σγsγs, e−ϕη
)
= σ
(
∇σγsγs + 2σ(gradσϕ,γs)γs − σ(γs,γs)gradσϕ, e−ϕη
)
= e2ϕσ
(
∇σγsγs − σ(γs,γs)gradσϕ, e−ϕη
)
= eϕσ
(
∇σγsγs, η
)
− e−ϕσ (gradσϕ, η)
= eϕσ
(
e−2ϕ∇σeϕγs(eϕγs)− e−ϕσ(γs,γs)γs, η
)
− e−ϕσ (gradσϕ, η)
= e−ϕσ
(
∇σeϕγs(eϕγs), η
)
− e−ϕσ (gradσϕ, η)
= e−ϕ (κσ − σ(gradσϕ, η))
where gradσ denotes the gradient with respect to the metric σ, which conclude the proof. 
Observe that, if eϕ = λ > 0, then ϕ = lnλ and κσ =
1
λ
(
κσ − 1
λ
∂λ
∂η
)
.
Now, we focus our attention in the study of some geometric properties of vertical cylinders. For a fixed
t = t0, we denote by Mt0(κ) =M(κ)× {t0}, a copy of M(κ) at height t0. Let γ ⊂M(κ) be a complete simple
curve with geodesic curvature κg2 , g2 the metric on M(κ), and κ
0 the geodesic curvature of γ ⊂ R2, that is,
as a curve in the Euclidean space R2 (when κ = 0 we have κg2 = κ
0). We also consider the complete surface
Qγ = pi−11 (γ), which is called the (vertical) cylinder over γ.
Lemma 2.7. Let Qγ ⊂ M(κ) f × I be the cylinder generated by a complete curve γ ⊂ M(κ). For each t0 denote by
γt0 the intersection between Q and M(κ)t0 , that is γt0 = Q
γ ∩Mt0(κ). Then we have.
(1) The first and second fundamental forms (I, I I) of Qγ are given by
I = e2 f (t)ds2 + dt2 and I I = −e f (t)κg2 ds2.
In particular, the main curvatures κ1 and κ2 are given by
κ1(p, t) = −e− f (t)κg2(p) and κ2(p, t) = 0, (p, t) ∈M(κ) f × I.
Thus Qγ is a totally geodesic surface if and only if γ is a geodesic in M(κ).
(2) The mean curvature H(p, t) and the extrinsic curvature Ke(p, t) in (p, t) ∈ Qγ are given by
2H(p, t) = −e− f (t)κg2(p), Ke(p, t) = 0.
In particular Qγ is a minimal surface if, and only if, the γ is a geodesic in M(κ).
(3) The intrinsic curvature Ki(p, t) of Qγ is
Ki(p, t) = −( f ′(t))2 − f ′′(t).
In particular, the linear function f (t) = at+ b for a 6= 0 and b real numbers, give rise to a complete embedding
of the hyperbolic space H.
Proof. We consider the curve γ(s) = (x(s), y(s)) ⊂ M(k) parametrized by the arclength parameter s ∈ I,
where I is an interval of R. That is g2(γ′,γ′) = 1. Also we consider the unit normal vector field (with respect
to the Euclidean metric g02), η = −λ y′ ∂x + λ x′ ∂y, where x′ denotes the derivative of x with respect to s.
We consider the following parametrization of the cylinder Qγ
Φ(s, t) = (x(s), y(s), t),
where (s, t) ∈ I ×R. Consider the orthonormal frame {E1, E2, ξ} where
E1 = λ−1e− f ∂x and E2 = λ−1e− f ∂y
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A natural orthogonal frame on Qγ is given by
(2.8) Φs = λe f x′(s)E1 + λe f y′(s)E2, Φt = ξ, and N = λy′(s)E1 − λx′(s)E2.
We denote by E, F, G the coefficients of the first fundamental form and by by e, f , g the coefficients of the
second fundamental form of Q, we have
E = e2 f F = 0 G = 1
e = e f (t)
1
λ
[
−κ0 + 1
λ
∂λ
∂η
]
f = 0 g = 0.
This gives (1). Using Lemma 2.6 we obtain (2). From the Gauss equation, see Proposition 2.4, we have
Ki = detS− [( f ′)2 − κe−2 f ]− [ f ′′ + κe−2 f ]|T|2
since ν = 0, and Ke = det S, we obtain (3.) 
2.4. Some curves in M(κ) f × I. Let Σ be an immersed surface in M(κ) f × I. In this section we study the
curvature lines of Σ and also geodesics of the ambient space.
2.4.1. Geodesics in M(κ) f × I. Let γ be a geodesic of M(κ) f × I parametrized by the arclength s. We decom-
pose the tangent vector field γ′ in the horizontal and vertical part, more precisely
γ′(s) = γ′h(s) + νξ,
where ν = g¯(γ′(s), ξ). For a fixed t = t0, we denote the Riemannian connection of Mt0(κ) by ∇2 and for sake
of simplicity we omit the parameter s in the calculations.
∇γ′γ′ = ∇γ′γ′h + ν′ξ + ν∇γ′ξ = ∇γ′hγ
′
h + ν∇ξγ′h + ν′ξ + ν∇γ′hξ + ν
2∇ξξ
= ∇2γ′hγ
′
h + g¯
(
∇γ′hγ
′
h, ξ
)
+ 2ν f ′γ′h + ν
′ξ = ∇2γ′hγ
′
h − g¯
(
γ′h,∇γ′hξ
)
+ 2ν f ′γ′h + ν
′ξ
= ∇2γ′hγ
′
h − f ′ g¯
(
γ′h,γ
′
h
)
+ 2ν f ′γ′h + ν
′ξ
= ∇2γ′hγ
′
h + 2ν f
′γ′h −
(
f ′(1− ν2)− ν′
)
ξ.
Since γ(s) is a geodesic, we have ∇γ′γ′ = 0. Therefore, this computation proves the following lemma.
Lemma 2.8. Let γ : I −→ M(κ) f × I be a geodesic of M(κ) f × I. Then the projection of γ over the slice Mt0(κ) is
(part of) a horizontal geodesic and its angle function ν is given by
ν(s) = tanh( f (t(s)) + C),
for a C ∈ R.
2.4.2. Line of curvature. Let Σ # M(κ) f × I be an isometrically immersed surface into the warped product
M(κ) f × I. A connected curve C ⊂ Σ is a curvature line if for all p ∈ C the tangent vector of C at p is a
principal direction of Σ. As a consequence from Lemma 2.3 we have the next lemma.
Lemma 2.9. Let Σ be an orientable immersed surface in M(κ) f × I, oriented by a unit normal vector field N. Suppose
that the angle between Σ and the slice M(κ)t(κ) is constant along Σt = Σ ∩Mt(κ). Then, Σt is a curvature line.
Proof. On the one hand
0 =
d
ds
g(N, ξ) = g(∇γ′(s)N, ξ) + g(N,∇γ′(s)ξ) = g(∇γ′(s)N, T).
On the other hand
0 = g(γ′, N) = g
(
γ′, T − ξ
ν
)
=
1
ν
g(γ′, T),
so, T is a principal direction on Σ which means that Σt is a curvature line. 
Remark 2.10. Notice that any curve in a totally umbilical surface is a curvature line.
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3. Examples of surfaces invariant by isometries inM(κ) f × I
In this section we study the examples of totally umbilical surfaces immersed into the warped product
M(κ) f × I which are invariant by one-parameter group of isometries of the ambient space. Notice that
isometries of M(κ) are extended naturally to isometries of M(κ) f × I. Therefore, there exists some positive
isometries depending on the value of κ.
• If κ = −1, we have: rotational (elliptic), horizontal translation (parabolic) and hyperbolic isometries.
• If κ = 0, we have: translations with respect to a fixed vector and rotational isometries.
• If κ = 1, we have: rotational isometry.
Before describe such invariant surfaces we recall some necessary computation.
3.1. Covariant derivative of M(κ) f × I. A global orthonormal frame on M(κ) f × I is given by
E1 =
∂x
λe f
, E2 =
∂y
λe f
, E3 = ξ,
with associated coframe
ω1 = λe f dx, ω2 = λe f dy, ω3 = dξ.
Recall that the connections forms ωij and the Riemannian connection are satisfies
(1) dωi = Σjω jΛωij, with ω
k
j +ω
j
k = 0 (2) ∇XEi = Σkωkj (X)Ek.
In our case, the non-zero connections form are given by
ω12 =
λy
λ2e f
ω1 − λx
λ2e f
ω2, ω13 = f
′ω1, ω23 = f ′ω2.
Denoting by Eij = ∇Ei Ej, the non-zero components of the Riemannian connection are given by
E11 = −
λy
λ2e f
E2 − f ′E3 E12 =
λy
λ2e f
E1 E21 =
λx
λ2e f
E2E22 = − λx
λ2e f
E1 − f ′E3 E13 = f ′E1 E23 = f ′E2
3.2. Rotationally-invariant examples inM(κ) f × I. The idea to obtain a surface invariant by a one-parameter
group of rotational isometries is simple. We will consider polar coordinates for the space M(κ), of the form
(3.1)
 x = ρκ cosωy = ρκ sinω
where, depending of κ:
• If κ = −1, we have ρκ = tanh
(ρ
2
)
.
• If κ = 0, we have ρκ = ρ.
• If κ = 1, we have ρκ = tan
(ρ
2
)
.
for ρ ∈ (0,+∞) and θ ∈ [0, 2pi).
Also, we consider the vertical plane Π = {(x, y, t) ∈ M(κ) f × I; y = 0} and a smooth curve α(s)
parametrized by arclength in Π, that is
ακ(s) = (ρκ(s), 0, t(s)) and e2 f (s)ρ2s + t
2
s = 1
where f (s) = f |ακ(s). In the plane Π we consider the unit normal N to the curve ακ so that the basis
(α′κ(s), N(s)) is positively oriented for each s. Now, we apply a one-parameter group of rotational movements
around the axis {(0, 0) f ×R}. So, the curve ακ generates a rotationally-invariant surface which we denote by
Σκ , we orient via N the surface Σκ . Note that this surface can be parameterized by
ψκ(s,ω) = (ρκ(s) cos(ω), ρκ(s) sin(ω), t(s))
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A standard computation give us the main curvatures κ1 and κ2 of the surface Σκ . More precisely, we obtain:
• κ1 =
e f
(
tssρs − 2 ftt2sρs − e2 f ftρ3s − tsρss
)
(e2 f (s)ρ2s + t2s )
3
2
• κ2 =
e− f
(
−e2 f ftρs + zκ(s)
)
(e2 f (s)ρ2s + t2s )
1
2
,
where, depending of value of κ:
• If κ = −1, we have zκ(s) = −ts cosh ρ− 2sinh ρ . • If κ = 0, we have zκ(s) =
ts
ρ
.
• If κ = 1, we have zκ(s) = ts cot ρ.
The totally umbilical condition κ1 = κ2 generates a second order differential equation whose first integral
determines a system of two ordinary differential equations of first order of the form
(3.2)
 e
2 f (s)ρ2s + t2s = 1
ts − hκ(s) = 0
where for each κ:
• If κ = −1, we have hκ(s) = c0
tanh2
(ρ
2
)
sinh ρ
, c0 > 0.
• If κ = 0, we have hκ(s) = c0ρ(s), c0 > 0.
• If κ = 1, we have hκ(s) = c0 sin ρ, c0 > 0.
Conversely, any solution of the system of ordinary differential equations (3.2) with initial condition (ρ(s0), t(s0)) =
(ρ0, t0) determines a curve ακ(s), with ακ(s) = {ρκ(s), 0, t(s)} ⊂ Π, which generates a rotationally-invariant
totally umbilical surface Σκ immersed into the space M(κ) f × I.
3.3. Examples of surfaces invariant by translations in M(κ) f × I. There are three kinds of translations in
M(κ) f × I.
• If κ = 0, we have horizontal translations coming from a fixed vector.
• If κ = −1, we have parabolic and hyperbolic translations.
The idea to construct surfaces invariant by such translations in M(κ) f × I is the same as the previous case.
We consider a vertical plane Π and a curve α ⊂ Π (the profile curve) parametrized by the arclength s. In order
to simplify the computations, we consider three different vertical planes, depending of the kind of translation
we are considering. More precisely.
• If κ = 0, Π0 = {(x, y, t) ∈ R f ×R; y = 0}.
• If κ = −1, we consider the half-plane model for the hyperbolic space. And
∗ Π1 = {(x, y, t) ∈H f ×R, x = 0}, when we deal with parabolic translations.
∗ Π2 = {(x, y, t) ∈H f ×R, x2 + y2 = 1, y > 0}, when we deal with hyperbolic translations. In this
case, we can parametrized such vertical plane, by using cylindrical coordinates, that is
x = cos θ
y = sin θ
t = t
for θ ∈ (0,pi) and t ∈ R.
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Now we consider a smooth curve αi ⊂ Πi, i = 1, 2, 3 parametrized by the arclength s. In the plane Πi we
consider the unit vector field Ni which is normal to the curve αi, so that the basis (α′i(s), Ni(s)) is positively
oriented for each s. Note that
• α0(s) = (x(s), 0, t(s)) and e2 f (s)x2s + t2s = 1.
• α1(s) = (0, y(s), t(s)) and e
2 f (s)
y(s)2
y2s + t2s = 1.
• α2(s) = (cos θ(s), sin θ(s), t(s)) and e
2 f (s)
sin2 θ
θ2s + t2s = 1.
being f (s) = f |α(s).
Now, we apply a one-parameter group of translations. Thus, the curve αi generates a surface invariant by
such translations, which we denote by Σi, i = 0, 1, 2. We orient by Ni the surface Σi. Each surface Σi can be
parametrized by
• Here, we are considering a fixed direction β ∈ S1
ψ0(s,ω) = (x(s) +ω cos(β),ω sin(β), t(s)).
For (s,ω) ∈ J ×R, here J denotes an open interval. Up to an isometry of R2f ×R, we can suppose
that β = pi/2.
• Recall that we are considering the half-plane model for the hyperbolic space
ψ1(s,ω) = (ω, y(s), t(s)).
For (s,ω) ∈ R× J, here J denotes an open interval.
• We are considering cylindrical coordinates
ψ2(s,ω) = (ω cos θ(s),ω sin θ(s), t(s)) ,
where (s,ω) ∈ R×R+.
Using the connections forms, a straightforward computation give us that the principal curvatures κi1 and
κi2, i = 0, 1, 2; computed with respect to the orientation Ni are given by
κ11 = κ
2
1 = −κ01 = e f hi(s)
(
2 ftt2s − tss + e2 f h2i (s) + tsmi
)
and
κi2 = hi(s)e
− f ts + die f ft
where
• m0 = xssxs , h0(s) = 0 and d0 = −xs.
• m1 = yssys −
ys
y
, h1(s) = 1 and d1 =
ys
y
.
• m2 = θss
θs
− cot(θ)θs, h2(s) = cos(θ(s)) and d2 = θssin θ .
The umbilicity condition κi1 = κ
i
2 becomes tss = zi(s)ts, where
• z0(s) = 0. • z1(s) = −ysy . • z2(s) = − cot(θ)θs.
Which is a second order ordinary differential equation, whose first integral is given by ts = pi(s) with
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• p0(s) = c0, • p1(s) = 1c0y ,
• p2(s) = c0 cosec(θ(s)),
for some positive constant c0. Conversely, any solution of the ODE’s system ||γ
′
i(s)|| = 1
ts = pi(s)
for some constant co, with initial condition at t = t0 determines a curve αi(s) ⊂ Π, which generates a totally
umbilical surface Σi invariant by translations, immersed into the space M(κ) f × I.
Finally, we end this section with the following lemma.
Lemma 3.1. Let Σ # R2f ×R be a totally umbilical surface, invariant by horizontal translations, which is generated
by the curve α(s) ⊂ Π = {(x, y, t) ∈ R2f ×R; x = 0}, where s is the arclength parameter of α. Then, up to an isometry
of the ambient space, we have
(a) Σ is a totally geodesic, vertical cylinder or,
(b) Σ is a plane whose unit normal vector field N make a constant angle γ ∈ (0,pi/2) with the vertical field ξ
which is tangent to R. Furthermore, if γ = 0, Σ is the slice R2f × {t0} for some t0 ∈ R.
Proof. The umbilicity condition is
tss = 0
which implies t(s) = sin(γ)s + c0 for some fixed (γ, c0) ∈ S1 ×R. Since s is the arclength parameter of α, the
function x satisfies xs = cos(γ)e− f (s). Note that, the profile curve α is given by
(3.3) α(s) = (x(s), 0, t(s)) with xs = cos(γ)e− f (s) and t(s) = sin(γ)s + c0
This implies that the functions x(s) and t(s) are monotone for almost all γ. From here, we deduce the
lemma. 
4. A non-trivial example
It is clear that to find a explicit solution for the profile curve α(s) which generate an invariant, totally
umbilical surfaces Σ immersed into the warped product M(κ) f × I, we need to know the warping function
f , we mean, we need to know which is the ambient space. In this section we focus our attention to the
construction of such surface by considering a non-trivial warping function f . More precisely, for a given
smooth function f , we consider Σ # M(κ) f × I a totally umbilical, invariant surface, immersed into the
warped product M(κ) f × I. Thus, we have the following lemma.
Lemma 4.1. Let M(κ) f × I be the warped product space with κ ≥ 0 and consider a curve α(s) ⊂ Π ⊂ M(κ) f × I
parametrized by the arclength s. Then, for the fixed warping function f , we have:
(1) If f (t) = ln
(
1
sin(t)
)
and κ = 0, the curve α(s) = (ρ(s), 0, t(s)) for smooth functions ρ = ρ(s) and t = t(s)
given by
t(s) = 2 arctan(es) and ρ(s) =
1
cos(s)
with s ∈ (0,pi/2)
generates a rotationally-invariant, totally umbilical surface Σ ⊂ R2f ×R embedded into the warped product
R2f ×R.
(2) If f (t) = ln
(
cos(t)√
sin(t)
)
and κ = 1, the curve α(s) = (ρ(s), 0, t(s)) for smooth functions ρ = ρ(s) and
t = t(s) given by
ρ(s) = t(s) = 2 arctan(es) with s ∈ (0,pi/2)
generates a rotationally-invariant, totally umbilical surface Σ ⊂ S f ×R immersed into the warped product
S f ×R.
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Proof. In order o simplify the computations, we prove the item (1), the item (2) is similar. Consider Σ #
R2f ×R a totally umbilical, rotationally-invariant surface, immersed into the warped product R2f ×R. We
consider, as in section (3.2), the vertical plane
Π = {(x, y, t) ∈ R2f ×R; y = 0}
and the smooth curve α = α(s) ⊂ Π which generates the rotationally-invariant surface Σ. From the umbilicity
equation (3.2) we have
(4.1) c20
t2ss
sin2 t
+ t2s = 1 and ts = c0 ρ(s)
for some constant c0 ∈ R. Notice that, the problem of finding rotationally-invariant surfaces immersed into
the warped product R2f ×R consists in determine the admissible expressions of the profile curve α(s), we
mean, we wish to find, for each c0 ∈ R, the possible integral curve of the ODE’s system (4.1). Therefore, in
order to find some example of such surface, we consider without loss of generality c0 = 1.
From the first equation in (4.1), we can suppose that there exist a smooth function β = β(s) such that
ts = cos(β), thus tss = cos(β)βs. Thus such first equation becomes(
βs
sin(t)
)2
= 1, that is
βs
sin(t)
= ±1.
If we consider the positive expression, the ODE’s system (4.1) can be written as
(4.2)
 ts = sin(β)βs = sin(t)
which is equivalent to
ts
sin(β)
=
βs
sin(t)
, that is (cos(t))s = (cos(β))s.
By integrating this equation we obtain
(4.3) cos(t) = cos(β) + cos(c) = 2 cos
(
β+ c
2
)
cos
(
β− c
2
)
for some constant c ∈ R. Choosing the constant as being c = 0, we obtain t = β, from the ODE’s system (4.2)
we obtain ts = sin(t), whose solution is given by
(4.4) t(s) = 2 arctan(es+c1)
for some constant c1 ∈ R. If we suppose that
lim
s→0
t(s) = 0 then t(s) = 2 arctan(es),
which completes the proof. 
5. Unicity of totally umbilical surfaces
Before we state the main theorem, we prove some lemmas. Recall the vertical vector field ξ has been
decomposed in the tangent part T and the normal part νN, where N is a unit normal vector field to Σ. Let
(u, v) be a local isothermal coordinates in a open set of Σ around p, so the first fundamental form g, in these
coordinates is
(5.1) g =
1
η
(du2 + dv2)
for some positive function η = η(u, v) > 0. These coordinates are available on the interior of the set of
umbilical points and also on a neighbourhood of non umbilical points. So, the set of points where the
isothermal coordinates (u, v) are available is dense on Σ. Thus, properties obtained on this set are extended
to Σ by continuity. For a smooth function h : Σ → R, we denote by grad(h) the gradient of h on Σ and by
grad0(h) the vector field (hu, hv) on Σ, that is grad0(h) = (hu, hv). Under this notation we have the following
lemmas.
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Lemma 5.1. Let Σ be an immersed surface in M(κ) f × I and suppose that ((u, v), η, U) is local isothermal coordinate
around a fixed point p ∈ Σ. Let $ : Σ→ R be a smooth real function on Σ. Then,
(5.2) η grad($) = grad0($)
with grad and grad0 defined as above.
Proof. The expression of the gradient of a function $ is
grad($) =
2
∑
i=1
ai∂xi where ai =
2
∑
j=1
gij
∂$
∂xj
,
where ((x1, x2), g, U) is a local coordinate around a fixed point p ∈ Σ, g = (gij) is the induced metric on Σ
with inverse (gij).
So taking isothermal coordinates (u, v) around p ∈ Σ whose metric is written as g = 1
η
(du2 + dv2) we
obtain the lemma.

Lemma 5.2. Let Σ be an immersed oriented totally umbilical surface in M(κ) f × I and (u, v) be a local isothermal
coordinate around p ∈ Σ. Let $ : Σ→ R a umbilical function on Σ. Then,
(5.3) η grad($) = νT( f ′′ + κe−2 f )
where grad($) denotes the gradient of $ in Σ, f ′′ denotes the second derivative of the warping function f restrict to Σ
and ν is the angle function.
Proof. Locally Σ is the image of an embedding ϕ : Ω → M(κ) f × I where Ω is an open disk in M(κ). Call
(u, v) the isothermal coordinates on Ω and consider the unit normal field N on ϕ(Ω). As Σ is totally umbilical
there exists a umbilical function $ : Ω→ R such that
∇ϕu N = $ϕu and ∇ϕv N = $ϕv.
This implies
∇ϕv(∇ϕu N)−∇ϕu(∇ϕv N) = $vϕu − $uϕv
That is
R(ϕu, ϕv)N = $vϕu − $uϕv = S(ϕv, ϕu)(5.4)
= ν( f ′′ + κe−2 f )[g(ϕv, T)ϕu − g(ϕu, T)ϕv],(5.5)
where the last equality comes from the compatibility equations, and g denotes the metric on Σ. Comparing
equations (5.4) and (5.5) we obtain
grad0($) = νT( f
′′ + κe−2 f ).
We conclude the proof using Lemma 5.1. 
From equation (5.3), when κ = 0 and f ′′ = 0 we have $ is constant and M(κ) f × I is R3 or M(κ) f × I is
H3, depending on the choice of the warping function f . More generally, The solution of the ODE
(5.6) f ′′ + κe−2 f = 0
gives rise to warped product spaces M(κ) f × I where, if there exist totally umbilical surfaces Σ, then the
umbilical function $ is constant. In order to solve the EDO (5.6) we consider the smooth function f (t) =
ln F(t), then we have the following lemma.
Lemma 5.3. Let F1(t) and F2(t) be smooth functions given by:
F1(t) =
e−
√
c0t
4c0c
[
c2e2
√
c0t − 2c0κ
]
and F2(t) =
e−
√
c0t
4c0c
[
c2 − 2c0e2
√
c0κ
]
,
where c0 and c are positive constants. Then, fi(t) = ln(Fi(t)), i = 1, 2, give rise to the warped product spaces
M(κ) fi ×R in which if there exist totally umbilical surfaces Σ, the associated umbilical function $ is constant.
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Proof. The function fi solves the ODE (5.3). Then by Lemma 5.2 the conclusion follows. 
Therefore, from now on, we assume ( f ′′ + κe−2 f ) 6= 0.
Theorem 5.4. Let Σ be a totally umbilical surface immersed in the warped product M(κ) f × I. Then Σ is part of a
totally umbilical surface, which is invariant by a one-parameter group of isometries of M(κ) f × I. More precisely, up
to an ambient isometry, Σ is contained in one of the examples described in Section 3.
Proof. Let N be a unit normal vector field to the surface Σ and assume that Σ is orientated by N. Locally
Σ is the image of an embedding ϕ : Ω → M(κ) f × I where Ω is an open disk in R2. Let ((u, v), η,Ω) be a
local isothermal coordinates around a fixed point p ∈ Σ. Since ϕ is totally umbilical, there exists a function
λ : Ω→ R such that ∇vN = λv for any v tangent to Σ. From Lemma 5.2, we have
η grad($) = νT( f ′′ + κe−2 f )
where ν is the angle function. There exists two cases for λ depending on the existence of critical points.
Therefore, we will separate the proof in two steps.
Case 1. First assume that λ has no critical point. In particular each level curve of λ is orthogonal to T,
moreover, since 0 = 〈γ′, ξ〉 = 〈γ′, T〉, the level curves are horizontal, that is, belongs to some M(κ)× {t0}.
In order to prove that the totally umbilical surface Σ is an invariant surface, we study the horizontal and
the vertical curves of Σ.
Claim 5.5. Set Σt = Σ ∩ (M(κ)× {t}) and let γ : I → Σt be a regular parametrization of Σt. Then
(i) For each t, the geodesic curvature of the horizontal curve γ(I) in Σt is constant.
(ii) The angle between Σ and M× {t} is constant along Σt for each t.
Suppose that γ : I → Σt is arclength parametrized by s and denote by γ′(s) the derivative of γ with respect
to s at the point s ∈ I (which is horizontal), we have
dν
ds
=
d
ds
g(N, ξ) = g(∇γ′N, ξ) + g(N,∇γ′ξ) = g($γ′, ξ) + g(N, ξ( f )γ′) = 0
here we use the item (1) from Lemma 2.3 and that Σ is totally umbilical. Therefore ν is constant along γ.
Now, let n be the unit normal vector field in T(M(κ)× {t0}) along γ with the orientation induced by N.
Let θ be the oriented angle between n and N, hence
N(γ(s)) = cos(θ(s))n(γ(s)) + sin(θ(s))ξ(γ(s)).
Then, sin(θ(s)) = g(N(γ(s)), ξ(γ(s))) = g(N(γ(s)), T(γ(s)) + νN(γ(s))) = ν. So, in particular, since ν is
constant θ is constant along γ. On the other hand
λ(γ(s)) = g(∇γ′(s)N,γ′(s))
= cos θg(∇γ′(s)n,γ′(s)) + sin θg(∇γ′(s)ξ,γ′(s))
= cos θg(∇γ′(s)n,γ′(s)) + sin θ f ′(γ(s))|γ′(s)|
Observe that g(∇γ′(s)n,γ′(s)) is the geodesic curvature of γ in M(κ) f × {t0}. Since λ and θ are constants
along γ, we deduce that γ has constant geodesic curvature, which proves the claim.
Claim 5.6. Let Σ be a totally umbilical surface. Assume that the angle function ν does not vanish anywhere. Let
c : J ⊂ R 7−→ Σ be a curvature line associated to the vector field T. Then, c(J) is contained in a vertical totally geodesic
plane.
Proof. (Proof of Claim 5.6) Let c : J ⊂ R → Σ be a curvature line associated to the field T. Thus c′(u) =
T(c(u)), where c′(·) denotes the derivative of c with respect to the variable u ∈ J. We want to show that
c(J) is contained in a vertical totally geodesic plane. We denote by ch(u) = pi1(c(u)), u ∈ J, where pi1 is the
projection on the first factor.
Remark 5.7. For example, when ν 6= 0 (our first case), it is equivalent to show that ch is a geodesic.
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Since ν 6= 0, the curve c does not have a vertical point, then c′h does not vanish. In this case, it is sufficient
to show that ∇2c′h c
′
h is always parallel to c
′
h, here ∇2 denotes the riemannian connection of M(κ)× {0}.
As c′ = c′h + (1− ν2)ξ, we have
∇TT = ∇c′c′ = ∇c′ [c′h + (1− ν2)ξ]
= ∇c′h c
′
h +
d
du
(1− ν2)ξ + 2(1− ν2)∇c′hξ
= ∇2c′h c
′
h − 2ννuξ − g(c′h, c′h) f ′ξ − 2(1− ν2) f ′c′h (Using Lemma 2.3)
Since T is a principal direction, ∇T N = λT and
νu =
d
du
g(N, ξ) = g(∇T N, ξ) + g(N,∇Tξ) = g($T, ξ) + g(N,∇Tξ)
setting h(u) = g(N,∇Tξ), we have
(5.7) νu = $(1− ν2) + h(u).
Which implies
(5.8) ∇TT = ∇2c′h c
′
h − 2ν[$(1− ν2) + h(u)]ξ − g(c′h, c′h) f ′ξ − 2(1− ν2) f ′c′h.
On the other hand,
∇TT = ∇T(ξ − νN) = ∇Tξ − νuN − ν$T = ∇Tξ + νu
(
ξ − T
ν
)
− ν$[c′h + (1− ν2)ξ]
= ∇Tξ − νuν [ξ − c
′
h − (1− ν2)ξ]− ν$[c′h + (1− ν2)ξ]
= ∇Tξ +
[νu
ν
(1− ν2)− νu
ν
− $ν(1− ν2)
]
ξ +
[νu
ν
− ν$
]
c′h
= ∇Tξ +
[
$(1− ν2)2
ν
− $(1− ν
2)
ν
− $ν(1− ν2)
]
ξ +
[
1− ν2
ν
h(u)− h(u)
ν
]
ξ +
[νu
ν
− ν$
]
c′h
= ∇Tξ − νh(u)ξ +
[νu
ν
− ν$
]
c′h − 2$ν(1− ν2)ξ
Using Lemma 2.3, we obtain
(5.9) ∇TT = f ′c′h − νh(u)ξ +
[νu
ν
− ν$
]
c′h − 2λν(1− ν2)ξ
Then, equations (5.8) and (5.9) imply
(5.10) ∇2c′h c
′
h =
(
f ′ +
(νu
ν
− νh
)
+ 2(1− ν2) f ′
)
c′h +
(
νhu + g(c′h, c
′
h) f
′) ξ.
In order to finish the proof of this claim, we have to show that
(
νhu + g(c′h, c
′
h) f
′) = 0. in fact,
νhu + g(c′h, c
′
h) f
′ = −νg(N,∇c′ξ)− g(c′h, c′h) f ′ = g(−νN,∇c′ξ)− g(c′h, c′h) f ′ = g(T − ξ,∇c′ξ)− g(c′h, c′h) f ′
= g(T,∇c′ξ)− g(c′h, c′h) f ′ = g(T,∇c′hξ)− g(c
′
h, c
′
h) f
′ = g(T, f ′c′h)− g(c′h, c′h) f ′
= g(c′h + (1− ν2)ξ, f ′c′h)− g(c′h, c′h) f ′ = g(c′h, c′h) f ′ − g(c′h, c′h) f ′ = 0.
So, (5.10) becames
∇2c′h c
′
h =
[νu
ν
− νλ+ f ′ + 2(1− ν2) f ′
]
c′h,
it means that ch(J) is a geodesic in M(κ) f × {0} and therefore c(J) is contained in a vertical totally geodesic
plane as claimed. 
Now we are ready to prove that Σ is an invariant surface. Let us consider the horizontal curve γ : I → Σt
arclength parametrized. Let s1, s2 ∈ I and call c : (−e, e) → Σ the integral curve of T such that c(0) = γ(s1)
and c : (−e, e)→ Σ the integral curve of T such that c(0) = γ(s2). Let us call c3 (resp. c3) the third coordinate
of c (resp. c) and let u be the parameter in (−e, e), we have
c′3(u) = g(c′(u), ξ) = g(T(c(u)), ξ) = 1− ν2(c(u)) = 1− ν2(c3(u)),
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where in the last equality, by abuse of notation, we write ν2(c(u)) = ν2(c3(u)) since the Claim 5.5 assures
that the angle function depends only on the third coordinate of points in Σ.
Since c(0) = γ(s1), c(0) = γ(s2) with γ ⊂ Σt, c3 and c3 verify the same first order differential equation
with the same initial condition at u = 0. We conclude that c3 = c3.
Claim 5.6 says that the curves c and c are contained in the totally geodesic vertical planes P and P,
respectively.
Now, we show that such totally umbilical surface is invariant by isometries. Let us consider the curve
Γ ⊂ M(κ) f × {0} which is complete and have constant geodesic curvature, Γ is obtained by extending γ,
that is γ ⊂ Γ. Notice that there exists a positive isometry ϕ of the space form M(κ) such that ϕ(Γ) = Γ,
ϕ(c(0)) = c(0) and preserving the orientation of Γ. Therefore the isometry of the ambient space, defined by
F(p, t) = (ϕ(p), t) of M(κ) f ×R sends P to P. Such isometry shows that the curves c and F ◦ c, in the vertical
plane, P have the same vertical component and make the same angle with the horizontal for each u ∈ (−e, e).
Since such curves have the same horizontal e vertical components, we deduce that these curves coincide, that
is F ◦ c = c. This complete the proof of the theorem for the first case.
Remark 5.8. Suppose that ν vanishes on an open interval J1 ⊂ J. In this case, we want to show that a part of
Σ is a vertical cylinder. We denote by W a unit horizontal field along c which is tangent to Σ and for each
u ∈ J, we let {P(u)}u∈J1 be the family of vertical totally geodesic planes such that, P(u) containing c(u) and
is orthogonal at c(u) to W(u). Let u0 ∈ J1 and notice that along the horizontal curve of Σ which cut c(J1)
through c(u0), the vector field N is horizontal (since the angle between Σ and M(κ)× {t} is constant). This
means that an open set of Σ including c(J1) is part of a cylinder γ f ×R, where γ is some horizontal curve.
This implies that W is constant along J1, and thus so is P.
Case 2. Suppose that $ has some critical points. Let W ⊂ Σ be a connected component (if any) of the interior
of the set of critical points of λ. By equation (5.3), since we are assuming that we have ( f ′′ + κe−2 f ) 6= 0, the
product νT = 0. This implies that T ≡ 0 or ν ≡ 0 in W. In the former case, W is part of a slice M(κ)× {t0}
and in the latter case W is part of a cylinder Γ×R, where Γ is some curve in M(κ)× {0}. Since Σ is totally
umbilic, Γ has to be a geodesic an so W is totally geodesic.
Let now V ⊂ Σ be a connected component (if any) of the set of regular points of $. From the first part
of the proof, we know that V is part of one the invariant examples given in Section 3. If there were booth
no-empty sets W and V contained in Σ, Σ would be a gluing of pieces of totally geodesic surfaces and pieces
of the invariant examples constructed in Section 3. But one analysis of those surfaces implies that there is no
a smooth surface like this. It means that Σ is a totally geodesic or it is contained in one of the one-parameter
invariant surfaces described in Section 3. This conclude the proof of the theorem. 
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